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Let R, be the root face valency of a random, rooted n-edged 3-polytope, X, the 
valency of a randomly selected face from the faces of n-edged 3-polytopes, and Y, 
the valency of a randomly selected face from the faces of a randomly selected 
n-edged 3-polytope. Then for each fixed j 
Prob(X, =j) - Prob( Y, = j) - 4 Prob(R, = j)/j 
and 
lim Prob(X, = j) - 9(6/jrr)“’ 2-j as j-+m. 
n-m 
Also, there exists a B(E) such that 
Prob(R, =j) < B(s)(f + s)’ 
for all n, j, s > 0. 0 1989 Academic Press, Inc 
1. INTRODUCTION 
Following the path of Brown and Tutte [3] and Mullin and Schellen- 
berg [4], it is a simple matter to obtain a generating function for rooted 
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3-connected planar maps in terms of vertices, faces, and root face valency 
(Section 2). Unfortunately, it does not appear possible to obtain a simple 
formula for the coefficients as has been done for some other maps. 
Nevertheless, considerable asymptotic information can be deduced. In 
Theorem 2 we show that the number of large valency root faces falls off 
exponentially with size and provide asymptotics for the probability of small 
valency root faces. The fact that most n-edged 3-polytopes are asymmetric 
[S] and have about n/2 faces [2] is used to translate the information on 
small valency faces from the rooted to the unrooted case in Theorem 3. 
2. THE GENERATING FUNCTION 
In this section we will show how to adapt known results to prove 
THEOREM 1. Let piik be the number of rooted 3-connected planar maps 
with i + 1 vertices, j + 1 faces, and k + 1 edges on the root face. Then 
c p&PYJZk=XYZ 1 -F,z, 
> 
(2.1) 
where 
F,=uu(l-u-v), x = u( 1 - v)2, y=v(l-u)‘, (2.2) 
z is the root of 
(xZF,+xy)z2+[Z2F;-ZF,(F,+x+l-y)-y(x+F,)]z+ZF,=O 
(2.3) 
which vanishes at Z= 0, and II = u(X, Y) and v = v(X, Y) are given 
parametrically by ~(0, 0) = ~(0, 0) = 0, 
(1-24)2X=u(1-~-v), and (l-v)‘Y=v(l-u-v). (2.4) 
We assume familiarity with Mullin and Schellenberg [4], especially 
Section 6, and Brown and Tutte [3]. The proofs follow theirs almost 
exactly, except that new variables Z and z are introduced to keep track of 
root face valency. 
The root vertex of a quadrangulation corresponds to the root vertex of a 
2-connected map, but the choice of the vertex corresponding to the map’s 
root face is somewhat arbitrary. To minimize adaptations, we will agree 
that it is the vertex on the quadrangulation’s exterior face that is adjacent 
to the root in a direction counterclockwise from the root. Call it thef-root 
of the quadrangulation. 
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Let F(x, y, z) count quadrangulations having a quadrilateral external 
face, with the coefficient of xi+ iy’+ ‘zk + i the number with i+ 1 vertices an 
even distance from the root, j+ 1 vertices an odd distance from the root, 
and k + 1 vertices adjacent to the f-root. Let F, = F(x, y, 1). Then F, is 
Mullin and Schellenberg’s F. It is easy to see that their Eqs. (6.11), (6.13), 
and (6.14) survive notationally unchanged while (6.12), (6.15), and (6.16) 
become 
Fm = (F/v + F,m 1 f’,lx 
F, + F,m = F/t 1+ F, ix) 
1 1 
l+F/y+l+F,/x 
respectively. Since their (6.21) is replaced by 
we obtain 
(2.5 1 
(2.6) 
in place of their (6.22). Introduce the new variables 
X= F,IY Y=F,Jx Z = F/F, (2.7) 
and use (2.5) and (2.6) as they do to obtain the desired generating function 
Q;(X, Y, Z)=XYZ &z++y- 1 -F,z. 
> 
This is precisely (2.1). Since F, is Mullin and Schellenberg’s F, (2.2) and 
(2.4) follow from their paper. 
We now switch to Brown and Tutte [3] to determine z. Here it is simply 
a matter of noting that zF is their h. Thus their u is given by (r = h = ZF, z 
and their (3.11) becomes 
(ZF,z)‘+[(l-s)(l-xz)+yz-zF,]-yz’[x(l-z)+F,]=O. 
We divide by z and rearrange to obtain (2.3). 
We remark that the equations in Theorem 1 are easily programmed in a 
symbolic manipulation language to obtain values of piik with small indices. 
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COROLLARY 1. Let qnli be the number of rooted 3-connected maps with n 
edges and k + 1 edges on the root face. Then 
where 
G=u”(l-2u), x = u( 1 - u)2, 
1-R 
u==> R = J-X, (2.9) 
and -7 is the root of 
(xZG+x2)z2+[Z2G2-ZG(G+l)-x(x+G)]z+ZG=O (2.10) 
which vanishes at z = 0. 
ProoJ Set X= Y in the theorem. It follows that u= v. It is easily 
verified that u = (1 - R)/(3 -R) is the solution of (1 - u)’ X= u( 1 - 2~) 
that vanishes at X= 0. 1 
3. ASYMPTOTICS FOR ROOTED 3-POLYTOPES 
For the purposes of asymptotics, all that matters in (2.8) is the Gz term, 
which is an algebraic function of X and Z. Its singularities occur at 
R= 0, 3, at the vanishing of the discriminant of (2.10), and at 
xZG+x’=O. 
THEOREM 2. Let fnk = qnk/& q,,k, the fraction of rooted n-edged 
3-polytopes with k + 1 edges on the root face. Then 
(i) there exists a function B(E) such that fnk < B(E)($+E)~ for all 
E > 0, n, and k; 
(ii) there exists a B such that fnk < Bn314 2-k for all n and k; 
(iii) rk = lim, _ o3 fnk exists and 
8xrktk= 
20+t-t2 (2-t)3’2(50-t)1’2 27t( 12 - 20t f t2) 
4+t - 
4+t - (4 + t)(2 - t)“2 (50- ty; 
(iv) rk- (3/2)‘/” G2-k. 
We have computed the first few values of rk: 
rO = r1 = 0, r2 = 0.36456, r3 = 0.262440, 
r4 = 0.1625670, r5 = 0.0945 1922, r6 = 0.05308549. 
(3.1) 
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Proof: For asymptotic purposes, we need consider only - Gz in (2.8). 
By (2.9), the singularity of G nearest the origin is at X= $. This is a branch 
point due to R = 0. Near there u, x, and G have power series expansions in 
R that begin 
1 2R 2R2 2R3 u=j-32-33-34 . . 
22 22 x=---R2- 
33 34 
;R3 . . . (3.2b) 
G_.&;R22R3 . . . (3.2~) 
We now turn to (i) and (ii). After some calculation, it can be seen that 
the branch point that arises from solving (2.10) for z occurs at Z = 2 only 
when R = 0. It follows that with fixed Z< 2, there is no singularity of 
z = z(X, Z) with (XI d t and so 
where the latter sum is simply the coeffkient of x” in -G. Since 
(i) follows. By setting Z = 2 and solving (2.10) using (3.2), we find that z 
has a power series in R ‘I2 beginning z = 312 + R312/,,/?. . . From this, (3.2), 
and Darboux’s theorem [I], we have 
&n,k2kNc$-7’44-n 
k 
and 
c qn,k N c2rr5/24--n. 
To prove (iii) and (iv) we introduce the operator 
Lk(f)= $ kf.il=o;.~!. 
i > 
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Note that 
c q,,X’ = - L,(Gz) = - GL,(z). (3.3) 
We will use (2.10) to obtain a recursion for Lk(z) which we will use to 
show that Lkfz) has a power series in R that starts 
L,(z)=ak+bkR2+ckRi... . (3.4) 
From (3.2c), (3.3), and (3.4) it follows that 
Yn,k+&$k)(3f) C-4)” 
and 
p&k- -g3g (-4)” 
and so 
(3.5) 
This will prove (iii). Generating functions for ak and ck will yield (iv). 
Note that L,(z) =O. Ater some manipulation with (2.10), 
L,(z) = 
1 
x(x + G) 
Gb,.,+G(G+ 1)Lk-~(Z)+G2L~.-2(Z) 
+x2~L,(Z)L,_i(Z)+.~G~Li(Z)Lk_i_,(Z) (3.6) 
Using (3.2) and induction on (3.6), (3.4) follows. By substituting (3,2) and 
(3.4) in (3.6) we obtain after some calculation 
2oak = 276,. , -28ak-l +a,-, 
+16Caiak-i+4Caiak--r--l (3.7a) 
20Ck=86k,,-28ck~,-8a,_, 
+Ck_2+32CajCk-j+8Cajck-j-,. (3.7b) 
Introducing the generating functions A(t) = C aktk and C(t), we can 
582b;4h;l-5 
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rewrite (3.7) as polynomial equations in A and C. Since A(0) =a,=O, the 
solution is 
A(t)= 
20+28t-t” (2-t)3’2(50-t)1’2 
8(4+t) - 8(4 + t) 
(3.8a) 
t t( 12 - 20t + t2) 
C(t)=4+t+(4+t)(2-t)3’2(50-t)1’*. 
(3.8b) 
It follows that ak = O(k-51’2Pk) and ck - -2-k m/r(3/2). 1 
4. ASYMPTOTICS FOR 3-POLYTOPES 
THEOREM 3. Let X,, be the number of edges on the face of an n-edged 
3-polytope where a ,face is selected uniformly at random and let Y,, be the 
same where first a polytope is selected and then a face on it. Then as n + CC 
Prob(X, = k + 1) w  Prob( Y, = k + 1) - 4f,,,/(k + 1) 
fbr each fixed k. 
Prooj Richmond and Wormald [S] have shown that the fraction of 
3-polytopes with symmetries is exponentially small. Bender and Richmond 
[2] have shown that almost all n-edged 3-polytopes have n/2 + O(n2j3) 
faces. Thus we may treat 3-polytopes as being asymmetric and having 
[n/2] faces for asymptotic purposes. 
Let u, be the number of unrooted n-edged 3-polytopes. A 3-polytope 
can be rooted by choosing an edge at random, an orientation, and a side. 
Alternatively it can be rooted by choosing a root face, an edge, and an 
orientation. The first method shows that 
The second method leads to 
u, . (n/2) Prob(X, = k + 1) . (k + 1) ‘2 - qn,k. 
Hence fn,k - Prob(X,=k+ l)(k+ 1)/4. n 
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